Abstract. We present infinitely many homology spheres which contain two distinct knots whose 0-surgeries are S 1 × S 2 . This resolves a question posed by Kirby and Melvin from 1978.
Introduction
A knot K in S 3 is said to satisfy property R, if surgery on K cannot give S 1 × S 2 . A celebrated result of Gabai [Gab87] states that every non-trivial knot in S 3 satisfies property R. Now, we replace S 3 with a homology sphere M . A homology sphere M contains a knot whose 0-surgery is S 1 × S 2 if and only if M is the boundary of a contractible 4-manifold with a 0, 1, and 2-handle. The natural question for such M , asked by Kirby and Melvin in [KM78] (see also [Kir97, Problem 1.16]), is if there is only one knot in M that can produce S 1 × S 2 up to equivalence. In this article, we answer this question in the negative. Recall that two knots in a homology sphere M are equivalent if there is an orientation-preserving homeomorphism of M that takes one knot to the other. Theorem 1.1. There exist infinitely many homology spheres which contain two distinct knots whose 0-surgeries are
Let L = J ∪ J ∪ γ be a link as in Figure 1 . A homology sphere M is obtained by performing 0-surgeries on J ∪ J and M n is obtained by performing 0-surgeries on J ∪ J and − 1 n -surgery on γ, for n ≥ 1. Denote the image of meridians of J and J in M n by K and K , respectively. (For brevity, we use the same notation for the image of knots after performing surgeries.) We first show that 0-surgeries on K and K are S 1 × S 2 .
Proposition 2.1. Let K and K be knots in M n described as above, then 0-surgeries on
Proof. Consider a surgery diagram of M n described as above. A Rolfsen twist along γ yields a surgery diagram of M n as in Figure 2 . Note that each component of the surgery diagram is unknotted and K and K are meridians of the components, respectively. Recall that the 0-framed meridian of a surgery curve is called a helper circle, since by sliding the surgery curve and any other surgery curves, we can change any crossing of the surgery curve and separate the surgery curve from any other surgery curve. Moreover, we can cancel the separated pair, since they describe S 3 . Then the result follows since zero-frame surgeries on K and K are helper circles. We recall Thurston's hyperbolic Dehn surgery theorem [Thu78] which is the main ingredient of the proof of Theorem 1.1. Let M be a cusped hyperbolic 3-manifold with cusps. Let ∂M = T 1 ∪ T 2 ∪ · · · ∪ T and fix generators µ i , λ i of fundamental group π 1 (T i ), for each i. Let (s 1 , s 2 , . . . , s ) be a sequence where s i is either the symbol ∞ or a rational number pi qi such that p i and q i are coprime integers. Then M (s 1 , s 2 , . . . , s ) is obtained from M by filling in T i with a solid torus using the slope Proof. By using Snappy [CDW] , we have checked that N γ, N (γ ∪ K), N , and N K are hyperbolic and Vol(N γ) = 7.32772 · · · and Vol(N ) = 3.66386 · · · . By Theorem 2.2, N n K and N n are also hyperbolic for sufficiently large n. The proof is complete by noting that gluing two hyperbolic pieces gives a JSJ decomposition.
We are now ready to prove Theorem 1.1.
Proof of Theorem 1.1. Let K and K be knots in a homology sphere M n as described above. By Proposition 2.1, 0-surgeries on K and K are S 1 × S 2 . Suppose they are equivalent, then by the uniqueness of JSJ decomposition and Proposition 2.3, N n is homeomorphic to N , for large enough n. This is not possible since by Proposition 2.3 Vol(N n ) Vol(N γ) = 7.32772 · · · and Vol(N ) = 3.66386 · · · .
Lastly, we show that there exists a sequence
where M ni and M nj are homeomorphich if and only if n i = n j . Since N γ is hyperbolic by Proposition 2.3, for large enough n, N n is hyperbolic by Theorem 2.2 and M n has a JSJ decomposition N n ∪ N . Moreover, by uniquness of JSJ decomposition and by Theorem 2.2, there exists a sequence {n i } where M ni and M nj are homeomorphic if and only if n i = n j . The proof is complete, by choosing homology spheres to be M ni and knots to be K and K .
